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Let p be an odd prime number. It was noticed by Iwasawa that the p-adic behavior of 
Jacobi sums in Q(Cp) is hnked to Vandiver's Conjecture (see |Iwj). This result has been 
generalized by various authors for the cyclotomic Zp-extensions of abelian fields (see for 
example |HIj . |TT| . [B]). In this paper we consider the module of Weil numbers (see §2) 
for the cyclotomic Zp-extension of Q(Cp); and we get some results quite similar to those 
for Jacobi sums. In particular we establish a connection between the p-adic behavior of 
Weil numbers and a weak form of Greenberg Conjecture (see |JN2j . |BJNj ) 

1 Notations 

Let p be a fixed odd prime number. For any n G N we denote by A;„ the p"+^-th cyclotomic 
field Q(/ipn+i), where /ipn+i is the group of p""*"^-th roots of unity. We note A = Gal (fco/Q); 
r„ = Gal (kn/ko) and = Gal (kn/Q), so Gn ~ A x r„. Let (p ^ fip \ {1} and take for 
any n G N (pn+i G fipn+i such that Vn > 1 (pn+i = Cp"- We note 7r„ = 1 — (^^^ 

We shall also use the following more or less standard notations: 
kn,p the p-completion of 
Un = I + 7rnZp[^pn+i] principal units in kn,p] 

r = limFn ~ Zp, 7o its topological generator, where Ve G /ipoo, 70(e) = e^"*"^; 

A = Zp[[r]] the Iwasawa algebra of the profinite group F, A ^ ^^[[7"]] by sending 70 — 1 
to T (|M1 Theorem 7.1]); 

An is the Sylow p-subgroup of Cl{kn), where Cl{kn) is the ideal class group of kn] 
X = limy4„ be the projective limit of for the norm maps; 

/„ the group of prime-to-p ideals of kn] 

koo = UngN {koo/ko) = F; 

Ln/kn the maximal abelian unramified j9-extension of /c„; Gal (Ln/kn) — An by class field 
theory; 

Mn/kn the maximal abelian p-extension of kn unramified outside of p; 

:£„ = Gal {Mn/kn); 

^00 = U - Gal {L^/K^)] 

Moo = U^n; 

Xoo = Gal {Moo/ koo)- 
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Let he a. fixed odd character of A, different from Teichmiiller character u. We note 
the associated idempotent defined by 

' ' <5eA 

Let Ai E Ahe the distinguished polynomial of smallest degree such that A^(T)e^X = {0}. 
We call it the minimal polynomial ofe^X. It is well known to be prime to Un = (T+1)^" — 1 
for any n (cf. \V\/\ §13.6, Theorem 7.10, Theorem 5.11 and Theorem 4.17]). 

2 Weil numbers and Jacobi sums. 

Fix an n for a moment. 

Definition 1 We call Weil module of kn the module Wn defined by 

Wn = {fe Homz[G„](/n, K) I 3/3(/) e Z[Gn] such that Va G 4 

a = (a) ^ /(a) = a^^^'' mod iJ2p"+^} (1) 

Observe that V/ G W„, /(/«) C yU2p"+iW„. 

Definition 2 5*0 we define the module of Weil numbers Wn 

Wn = {/(a) I / G Wn, a G /„}. 

Obs erve that Wn is a submodule of H2p^+^Un- 

Let k'^ be the maximal totally real subfield of fc„ and let stay for Gal(fc^/Q). 
Let Nn be the norm element in Z[G'„]. Let G Z[G'„] be such that its image by the 
restriction map — > ^[G^] is Ylaeat ^' 

Lemma 1 Let f G Wn- Then /?(/) G Z[G'„] zs unique and 

P{f)eN+Z + Z[Gn]-. 

Proof: Let / be in >V„ and suppose and P'{f) verify the required condition. 
Let p be a split prime ideal in J„. Let m > 1 be such that = aOk„. Then 

/(p'") = = mod /i2pn+i . 

Thus p'^^(^) = p"^/^(/'), that implies p"^(/3(/)-/3(/')) = o^^^ go = p'{f). Furthermore: 
Pif) G Ann^[G„](0:„//i2pn+i) = iV+Z + Z[G„]-. □ 
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Proposition 1 The map (3 : Wn — > + ^[Cn] defined by f P{f) gives rise to 
the exact sequence of Z[Gn]-modules. 

— > Homz[G„](4,/i2p"+0 — ^ W~ — ^ {Ann^Gn]CliK)y — > — >0 

where Bn is a finite abelian elementary 2-group. 

Proof: 

By the definition of Wn one lias 

Homz[G„](/n,/i2p"+0 = {/ e WnlPif) = 0} = kei P . 

Note tliat / G W~ implies G Z[G'„]^. Take / G W" and p a prime ideal in /„. 
Let p be a split prime ideal in J„. Let m > 1 be such that p™ is principal. Then 

p"'^'^^^ = fipro,^, 

that implies 

Thus /?(/)G(Ann^[c„]C/(A;„))-. 

Let P be in (Ann [2[g',^]C/(A;„))~ and p a prime ideal in J„. Then there exists 7 G A;* 
such that p^ = 70a:„- Let 7 be the complex conjugate of 7. Then 7 = '~f~^e for some 
e G O^^. Thus e = 77, i.e. e is a real unit. Consider 71 = e^'^'-y'^. One has: ■y^'^ = 71 and 

p^^ = 7^0.„=e-VO.„=7iO.„. 

Let 72 G fc* such that p^^ = 7iOa:„ = 72Cfc„ and 72 = 72"^ Then 71 = 72r7 for some 
1] E 01 , 'Ji'^ = 'J2'^V- That implies r]f] = 1, i.e. 77 is a root of unity. 

Now one can choose, for any p G /„, 7p G /c* such that p^^ = 7pOfc„, % = ■Jp^ and 
Tp"^ = 7p Vcr G G^. We set: 

fiP) = Ip 

and one can verify that / G W~ and /?(/) = 2/5. Thus 

2(Ann[^[G„]C/(A:„))- C C (Ann 

that completes the proof. □ 

Let Z 7^ p be a prime number. Let [ be the prime ideal of kn above / and q =| Ok^/i \. 
Fix a primitive /-th root of unity The Gauss sum t„([) associated to I is defined by 

where Xi is a character on F* of order defined by 

X[(x) = a; mod [. 

One can show that V(5 G G„ on has t„([^) = r„([)^ (see jWl §6.1]. So we have a well 
defined morphism of Z[G„]-modules 

Tn '■ In ^ ^(Cp"+0*5 

where Q is the compositum of all the Q(Cm), prime to p. 
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Definition 3 The Jacobi module Jn associated to kn is defined by 

Jn = Z[G„]r„ n Homz[G„](4, K), 
and the module of Jacobi sums J„ is defined by 

Jn = {/(a) \ f eJn, ae In}- 

Let us denote by cTq the image of a G Z, prime to p, via the standard isomorphism 
(Z/p"+iZ)* ~ G^. Let 



1 ^ 



a=l, (a,p)=l 



be the Stickelberger element of kn- Set 

{t,p)=l 

Definition 4 The Stickelberger ideal of /c„ is defined by 



(see rWl Lemma 6.9]). 



Theorem 1 (Stickelberger's Theorem fS", Theorems. 1]) Let p be a prime ideal in 
In, and /3 G S'^. Then t{p)'^ G k*^, G Z[G„] and 

TniprO,„=p^'-. 

Moreover, r^(p) G W„. 
Lemma 2 

5; = {/3 G ZiGJ I r,^ G X}. 

Proof: The inclusion 5^ C {/? G 'Z,[Gn] \ G is obvious by Stickelberger's theorem. 

To prove the inverse inclusion it suffices to show that G J/n implies P9n G Z[G„]. 

Let p G /„ be a split prime ideal and p the unique prime ideal of Z[(pn+i, d] above p, 
where / = p f]Q, Z = 1 mod Then 

r„(p)Z[Cp.+i,C/]=P^'-')'". 

Thus 

On the other hand, 

r„(pfOfc„=p^ 

for some z G ZfC^], that implies 

and since / = 1 mod {p"'^^), one has (/ — l)z = {I — l)6n(3- Thus z = 6n(3 that implies 

POn G Z[Gn]. □ 
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Proposition 2 

(1) Jn C Wn 

(2) Jn^Sn. 

Proof: 

(1) Using the lemma El one can easily verify that 

Then for any f E Jn there exists 5 & S'^ such that f = r^. 

Let f E J'n and let a G /„ be a principal ideal, a = aOk„. Then by the Stickelberger 
Theorem one has 

/(a) = T^ia) = ea''- 

for some unit e. But 

r„(o)r„(a) = iV„(a) = iV„(a), 
so e G /i2p"+i- That means /(a) = a''^" mod /i2p"+i, i-e. / G Wn- 

(2) As J7„ C W„ by (1), the map [3\j^ is well defined. On the other hand, for any f E Jn 

m = f^iO = sen 

for some 5 G 5^. Thus one has a well defined map 

This map is obviously surjective (by the definition of Sn)- Its kernel is a submodule of 
Hom2[G'^](/„, /ipn+i) by proposition [T] Let 5 G Z[G'„] such that 56n = 0. Then we have 
cr_i5 = 6 (cr_i being the complex conjugation in Gn) and 5A^„ = 0. 
Now let 6 G S'n such that 56'„ = 0. Then 

T = T 
' n 'n' 

and 

n \ n I n 

as OnO'^'^ = Nn- Thus r"^^ = 1. Therefore = 1 as = 1 mod 7r„. □ 

Lemma 3 Let Nn^n-i be the norm map in the extension kn/kn-i and 2, E In a prime 
ideal. Then 

iVn,n-l(r„(£)) = rn-l{Nn,n-imCl\ 

for some a, 6 G Z and some Q G fip^+i. 
For a proof see [nl Lemma 2]. 

Remark 1 The composition A^„,n-i ° 'we// defined because 
Gal (A;„/A;„_i) ~ Gal (fi(Cp"+i))/f](Cpn)), V > 1. 
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Lemma 4 (jWl Proposition 7.6 (c)]) The restriction map Res : 1\Gn\ Z[G'„_i] 
induces the surjective map 

Res : 5^ — > 

Proposition 3 

Mn > 1, Nn^n^i o = o iV„,,„_i mod Homz[G„](/„, ;U2pn+i) 

Proof: Let / G JT"^. By the proposition El there exists some P E S~ such that / = t^. 
Let £ G /„ be a prime ideal and [ = Nn^n-i- Then by the lemmas El and |3] 

iV„,._i(r„^(£)) ^ r„^!i^^^([) mod 
The Proposition follows. □ 

3 Annihilators 

We recall that ip is an odd Qp-valued character of A, irreducible over Qp, different from 
Teichmiiller character u. 

Lemma 5 Let Ai E A be the minimal polynomial of e^X . Then 

lime^(Annz^[G„]A„) = A^(T)A, 

the projective limit being taken for the restriction maps. 

Proof: First we remark that 

e^AniaZp[G„]An = Annzp[r„]e^y4„. 

We set An^^ = e^A^ for simplicity. 

Let M. = {Ain)n>o e A ~ limZp[r„], the limit being taken with respect for restric- 
tion maps. As X~ has no nontrivial finite submodule (see |W| Proposition 13.28]), A4n 
annihilates that means A^„Zp[r„] C Annz^pjAn^^ . Thus 

MiT)Ac limAnn2;^[r]A„,^. 

Let S = (5n)(n>o) £ liin AnnZp[r]^n,V'- Then for any n > 5nAn^^ = {0}. On the other 
hand, 

e^X = limA^,^. 

Then 6e^X = {0}, that implies 

6 G AnnAev,X = M{T)A, 

that completes the proof. □ 

Let yVn = Wn ® Zp the p-adic adherence of Wn- The map /3 of Proposition [H induces 
the map 

^ (Annz;[G„]C/(A;„))- ®z Zp = (Annz;^[G„]A„)- 
w ^ a I — > a[3{w) 
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that we shall always note (3. Thus we have the short exact sequence 

— > Homz[G„](4,yU2p"+0 ®z — ^ >V„ — > (Ann2;p[G„]v4„)~ — > 0. 
Applying to all the terms of this sequence we get an isomorphism of Zp[G„]-modules 

e^Wn ^ e^Ann Zp[G„]^n = Annzp[r„]A„,v,. (2) 

Let z G W„,^ = e^Wn- Then z induces naturally by class field theory (see |Iwl p. 455]) 
a morphism of Zp[r„]-modules: 

Lemma 6 Let z G VV„,^ swc/i ^/iai G Qp[r„]*. Then the kernel of z is Tor Zp[Tn]^n,i)- 

Proof: We have z{Un,^) = U'^]"J . As /3 G Qp[r„]*, the quotient Un,^/U^]^^ if finite. Thus 

rankzp2:(X„,^) = rankzpX„,^ = rankzpW„,^. 

Thus ker(2; : X„,v. — ^ Un,-^) = Tor Zp[r„]^n,i;- □ 
For any n G N let G Zp[G'„] such that 

A<„ = M mod Coin. 

Then (A^„)„>o = in A. Let G Wn,?/i = e^>V„ be the element of >V„,^ corresponding 
to via the homomorphism Q. 

Remark 2 T/ie Lemma\^is applicable to Wn, and to the map that consists in multiplica- 
tion by e^9n. 

Lemma 7 Let Jn = Jn ®z be the p-adic adherence of Jn in Un and Wn = Wn ®z Zp 
the p-adic adherence ofWn inUn- Then 

e^Jn C Wn{Xn,i,) C C^Wn- 

Proof : One can verify that [3{e^Jn) = e^On'^pl^n] (see (Wj Chap. 7]). By the Main 
Conjecture (see [W, §13.6]) 

e^6'„Zp[r„] c A^„Zp[r„]. 

Set Wn,V) the sub-Zp[r„]-module of W„,^ generated by w„. Then /3(W„,^) = A^„Zp[r„]. 
Thus ^ 

Pie^Jn) C /?(>V„,^). 

As (3 is an isomorphism, this is equivalent to 
That implies 
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Take (2„)n>i, e PK,v> such that Vn > 1, ReSn+i,nf3{zn+i) 
field theory the following diagram is commutative: 



P{zn). By the class 



Res„-|.i_„ N„+ 



SO the map 



is naturally well defined and 



(4) 



2^00(^00,1/') ~ liui^n(^n,i/)) ^ ^( 



00,1/1 



Lemma 8 T/ie kernel ofzoo is isomorphic to a(e(^^-iX), where Q;(et^^-iX) zs t/ie Iwasawa 
adjoint module of e^^^-iX . 

Proof : By the definition of 2:00 , kerZoo = limker2;„ = limTor2p[r„]X„,^. But hmTor2j,[r„]X„,^ ~ 
«(et^i/)-i-^) (see |NH Proposition 3.1]).n 

Take Zn = Wn'^n > 1. Then e^Joo C 14^00(^00,1/)) by the Lemma [7| 

Lemma 9 

Proof : Obvious as e^Uoo is free of rank 1. □ 

Lemma 10 The module W^oo,V' = huilVn.i/; is pseudo-isomorphic to 00 (-^00,1/1) ■ 

Proof: Let E be the elementary A-module such that 

— > e^X — > E — > B — >0, 

where i? is a finite A-module. Then Vn ^ 0, UnB = {0}, and by the snake lemma we 
obtain the exact sequence 

— > B — y e^An — > E/uj^E — ^ B — > 0. 

Let Yn = Annzp[r„]-E/u;„E = A<„Zp[r„]. It is a submodule of Z„ = Annz^[r„]e^A„ ~ 
e^Wn, so there exists a submodule >V„ of e^>V„ such that >V„ ~ 1^ as Zp[r„]-modules. 
Yn being monogenous, the same is for W„,^, so it is generated by Wn- Thus >V„ = Wn,ip- 
There exists 5 G A, prime to such that 6B = {0}. Then 6Zn C F„, i.e. 5e^Wn C 
>V„,^. In particulary that means 

Se^Wn C Wn,^ C e^Wn, (5) 
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where W„ = So, taking the projective hmit in (jSJ we obtain 

Thus the quotient module e^W^oo/w^oo(ei/)^oo) is annihilated by two relatively prime poly- 
nomials 5 and M., i.e. is finite (see [W, §13.2]). □ 

The classical class field theory sequence 



gives by taking the ^/'-parts the short exact sequence 

— > e^Un — > e^Xn — ^ e^An — > 0, (6) 

as ip to. 

Passing to the projective limit in this sequence we obtain the short exact sequence 

— > e^Uoo — ^ e^Xoo — ^ e^X — > 0. (7) 

Theorem 2 

chai ^{e^Woo/e^Joo) = (char Ae^Xoo)/A1(T). 
Proof: By the Lemma IHl the map Woo gives rise to the map 

W '. — > . 

So in virtue of the sequence ((Zj), we have the map 



Woo ■ e^X 



The kernel of the map w^o being the A-torsion module isomorphic to Q;(e^^-iX) and e^lAoo 
being a free A-module, ker(iyoo) fl e^Uoo = {0}. So ker(t()oo) — o:{e^^-iX). And we have 
the following exact sequence 

— > a{e^^-iX) — > e^X — > e^Uoo/ Me^U^o- 

Let F = char ac^X the characteristic polynomial of e^X and 9oo,i(, = {e^On)n>o- Then by 
the Main Conjecture and by the Lemma [7| we obtain the second exact sequence 

— > a{e^^~iX} — > e^X — V e^Uoo / F e^Uoo 
These two sequences give two short exact sequences 

— > a(e^^-iX) — > e^X — > Wo^i^oo,^) / Me^Uoo — > 

and 

— > a{e^^-iX) — > e^X — > e^Joo/Fe^Uoo — > 0, 
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as 6'ooXoo,,/. = e^Joo (see ^ Lemme 8]). Thus 

char aWoo{Xoo,4j) / Me^Uoc = chai ac^Joo/ Fe^Uoo. 
Set e^Woo = Woo (^00,1/') ■ The tautological short exact sequence 

— > e^Joo — ^ e^Woo — > e^Woo/e^Joc — ^ 
gives rise to the short exact sequence 

Q ^ e^Jpo ^ e^W^ ^ e^Wpo ^ ^ 

FU001P FUoo,i^ e^Joo 

Thus 



char — f- = char -r-r char 



-1 



00 



FUoo,ip FUoa,ip \ e^Jc 

In the same way, the sequence 

— > Me^Uoo — > e^Woo — > e^Woo/Me^Uoo — > 
gives rise to the sequence 

Q ^ MUqo^^ ^ e^Woo ^ e^Woo ^ ^ 

FUooip FUoo-tp MLloo,ip 

Thus _ _ 

char = char — — — I char — — I 

Al6Yoo,i/) FlAooii) \ FlAooip J 

Comparing the equalities ((HI), © and (fTUj) we obtain the equality 



In virtue of the Lemma ITIH 



As Woo 1/) is free of rank 1, 



So 



char = char _ 



, e^W^oo , e^W^oo 
char — — = char _ — . 

MU^,^ _ F{T) 



char 



e^Joo M{T) 



Corollary 1 (cf. jB], Theoreme 1]) 

Woo, 

'e^ Joo 



char A — = char Aa(ej^^-iX). 
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Corollary 2 The module e^X is pseudo-monogenous if and only if the quotient module 
e^Woo/e^Joo is finite. 

By the corollary Q we see that Greenberg Conjecture implies that 

— IS nnite. 

So it is natural to ask the following question. 

Question: Let p be an odd prime number. Let i/) be an odd character of Gal {Q{Cp)/Q), 
7^ uj, then, is it true that 

— IS nnite ' 

Remark 3 Note that the positive answer to this question is equivalent to 

chare^X = char a(e^^-iX) x A4, 
so it implies weak Greenberg Conjecture (see IBI^ . \N^ ). 
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